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AN  INVARIANT  MEASURE  FOR  THE  EQUATION  utt  "  uxx  +  u  "  0 

L.  Friedlander 

Technical  S unwary  Report  #2736 
August  1984 
ABSTRACT 

Numerical  studies  of  the  initial  boundary-value  problem  for  the  semi- 
linear  wave  equation, 

.  «tt  “  “xx  +  °3  "  0 

subject  to^ periodic  boundary  conditions^  u(t,0)  “  u(t,2w),  ut(t,0)  m  ut(t,2» ) 

and  initial  conditions  u(0,x)  -  u0(x),  Ufc^x)  -  vQ(x) ,  where  u0(x)  and 

-  - - v 

V0(x)  satisfy  the  same  periodic  conditions,  suggest  that  solutions  ultimately 
return  to  a  neighborhood  of  the  initial  state  u0(x),  v0(x)  after  undergoing 


a  possibly  chaotic  evolution .  - - - - - - 

CanS't'r*  f  \ 

x-  this  paper ^an  appropriate  abstract  space *is  considered.  In  this  space 

a  finite  measure  is  constructed.  This  measure  is  Invariant  under  the  flow 

generated  by  the  Hamiltonian  system  which  corresponds  to  the  original 

A- 

equation.  This  enables  one  to  verify  the  above ^returning*  property. 


AMS  (MOS)  Subject  Classifications!  35L70,  28D05,  58F11 

Key  words i  Semilinear  wave  equation,  initial  boundary-value  problem,  periodic 
boundary  conditions,  invariant  measure 
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AM  INVARIANT  MEASURE  FOR  THE  EQUATION  u^  -  uxx  +  UJ  -  0 


L.  Friedlander 


0.  Introduction 

During  the  Sixth  I.  G.  Petrovskii  memorial  meeting  of  the  Moscow  Mathematical  Society 
in  January  1983  Professor  V.  E.  Zakharov  proposed  the  following  problem.  Numerical 
experiments  demonstrated  that  the  equation 
(0.1)  “tt  -  +  “3  “  0 

with  periodic  boundary  conditions  u(t,0)  ■  u(t,2w),  ufc(t,0)  “  ut(t,2w)  possesses  the 
"returning"  property,  i.e.  solutions  appear  to  be  very  close  to  the  initial  state  u(0,x)  « 
Uq(x),  U£<0,x)  “  Vg(x),  where  the  Initial  functions  satisfy  the  above  boundary  conditions, 
after  some  time  of  rather  chaotic  evolution.  The  problem  is  to  explain  this  phenomenon. 
According  to  the  classical  Foincart  theorem  every  flow  which  preserves  a  finite  measure  has 
the  returning  property  modulo  a  set  of  measure  sero.  The  aim  of  this  paper  is  to  build 
such  a  measure  for  the  flow 


9<tHuQ(x),  v0(x) )  -  (u(t,x),  v(t,x>)  , 

where  u(t,x)  is  the  solution  of  (0.1),  v(t,x)  “  u^t.x),  where  the  solution  u 
satisfies  the  initial  data  u(0,x)  ■  u0(x),  ut(0,x)  -  v0(x).  The  equation  (0.1)  can  b^ 


rewritten  as  a  Hamiltonian  system 


-Sh/6u 


with  the  Hamiltonian 


H(u,v)  -  }*(v2/2  *  u^/2  +  u4/4)dx 


Our  starting  point  is  the  desired  formula 

(0.4)  /  P(u,v)d|t(u,v)  «*  /  P(u,v)e”H^u'v^  n  du(x)dv(x> 

xes1 

for  some  class  of  "good"  functionals  T. 
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»y,/  »  VyV-y'VrV  »V«V»V 


The  right-hand  aid*  of  (0.4)  is  tha  partition  function.  It  can  ba  determined  by 
finita  dlmonalonal  approximatlona  (2.3).  Roughly  apeaklng  tha  neaaure  dp  ia  tha 

"canonical  aynplactic  naaaura"  0  dudv  multiplied  by  tha  function  e“®  of  tha  Hamiltonian 

r 

and  ia  invariant  undar  tha  flow  (0.2).!  However,  tha  cor.ract  dafinition  of  tha  d|t 


involvaa 


tachnical  problaau  and  tha  axpraaalon  S  dudv  doaa  not  hava  any  naaning 


without  tha  factor  e“H.  Tha  Hamiltonian  H  ia  tha  aun  of 

Bj(u)  -  /^(tt^/2  +  u4/4)dx  and  Hj(v)  -  j£*(v2/2)dx  , 

ao  tha  maaaure  dp  la  tha  Cartaaian  product  of  tha  naaauraa 

-H  (U>  HHj(v) 

dU1  -  a  K  du(x)  and  dp^  -  a  n  dv(x)  . 

Tha  dpj  is  corractly  daflnad  by  finita  dlmanaional  diatrlbutiona  p(Xj,...,xk> 


€.*•••  (fjj)  * 


dp1{u(x)i  (u(x1),...,u(xk))  e  m}  -  /M  p(x,C)d£ 


which  ara  proportional  to  partition  functiona 

-fl.(u)Idu 

<0,5)  ^-u^)* 

which  ara  calculatad  in  Saction  2.  In  ordar  to  formulate  tha  raault  wa  introduce  none 
notation,  bat  x  <  y  bo  two  raal  nunbara.  D(x.Ciy,ma)  la  tha  aolution  of  tha  aquation 
0M  “  O3  in  tha  aa^Mnt  [x,y)  with  tha  boundary  conditlona  D(x)  ■  (,  U(y)  -  i).  bat 

h^Xf^iy.n)  -  /][lo^(*.C»y#n»a)/2  +  o4(x,C>y,ni«)/4)dr  - 

min{Jy(u2/2  ♦  u4/4)da  |  u(x)  -  i,  u(y>  -  n> 

and  lat  D(x,X»y,n)  ba  tha  ragularlaad  datarminant  of  tha  operator,  aaa  [4], 

(0.6)  -  dVda2  ♦  3tJ2(x,5»y.n»a)  , 

in  tha  ae^pent  (x,y)  with  tha  Dlrichlot  boundary  conditlona.  flte  oparator  (0.6)  ia  tha 
oparator  of  aacond  variation  of  tha  functional 

/y( u2/2  ♦  u4/4)da  i  u(x)  -  C,  u(y)  ■  n 


in  tha  naighborhood  of  tha  axtra 


0.  Than 


P(x,5)  - - - axp{-  Ih«(xJ,tJ»x^.«,tJ. .)} 


The  tastiw  e  ia  MmlMd  fra  tha  condition 

J  p(x,C)dC  -  1 


aat  ia  equal  to 

(«.«»  *(81)“^  *5-i  **1+1  *  v"l/a 

with  aame  constant  a.  Tha  manz*  da1  ia  absolutely  continuous  with  reapeet  to  tha 
elaaaioai  Wiener  measure)  ao  ita  support  belongs  to  tha  speee  Lip®/  0  <  a  <  1/2.  After 
replacing  th*  functional  with  J  (u*/2)dx  tha  conat motion  will  load  as  exactly  to 

tha  elaaaioai  Wiener  raasara.  Tha  dw2  la  a  roaliaatioa  o f  tha  abstract  wiener  waasara 
and  it  will  ha  described  in  Section  3. 


In  Section  1  we  investigate  the  determinant  of  the  operator  (0.8).  In  particular  we 
prows  the  formula 

(0.0)  detIA"1  ♦  y(x))  -  det(A  >dat(X  ♦  A'Vx))  , 

o  o  o 

•hare  i  ia  the  operator  -d2/dx2  with  the  Diriohlat  boundary  conditions  and  fix)  is  a 
© 

nneme ■stive  smooth  function.  Tha  determinants  of  A  +  Tlx)  and  A.  are  equal  to 

o  o 

opls'dlli  where  C(s)  is  the  C  “  function  of  an  operator)  dot  (I  +  A-1F(x))  la  wall 

o 

defined  beuaaaa  the  operator  A"1  is  nuclear/  A-1r  a  y ..  The  formula  (0.9)  is  not  used 

O  O  1 

in  oar  oonet motions  but  wa  think  it  la  interesting  by  Itself.  In  Section  2  we  calculate 
the  partition  function  (0.S) ,  in  Section  3  we  give  the  oorrect  definition  of  the  msaaure 
h  end  finally  in  Beotian  4  we  prove  the  main  result ■ 

Theorem.  The  meaaure  dp  la  invariant  under  the  fleer  (0.2). 


Z.  The  determinant  of  the  Sturm-Li ouvl 1  la  operator  with  tha  Dirichlat  conditions. 

WU  investigate  properties  of  the  functional  determinants  by  finite  dimensional 
approximations.  The  key  leans  la 

Laawa  1.  Let  r(x)  •  C^lO/a),  p  >  0,  and  1st  AQ  be  tha  operator  -d2/d x2  with  the 


Diriohlat  oondltiona.  Consider  (t*1)  *  (w-1)  matrlcea 


where 


if  i  -  j 


PF(j/N)  +  r 


<N) 


If  i  -  j+1 


rH;lJ 


6F((j-1)/M)  -  rj-1, j  lf  1  “  i-1 
0  if  |l-j|  >  1 


a  ♦  20  ■  1  and 


X1V-  *“i,j>rlj>l  ‘  0 


Than 


data  +  A^F)  -  liMp,,  data  +  «“1fJ|>  • 


Proof.  Conaidar  tha  orthonormal  baaia  Eylx)  “  /2/a  ain(*  kx/a)  of  tha  eigen- 
functiona  of  tha  oparator  Aq  i  A with  Xfc  -  w2k2/a2,  k  «  1,2,...  .  Danota  by 


HS  the  acala  of  Sobolav  apacaa  which  ora  generated  by  A”1^2  i  1 ( x' 1 ,  ■  X*^2.  Tha 


oparator  ia  dafinad  on  Cs_1>  ita  eigenvalues 

H 


.(»)  _  4ir  2  wk  ,  , 

Xk  -  — j  ain  2K<  *  1  , 


the  corresponding  eigenvectors 


■r 


(e. 


(H) 


kl  '* 


.e,fN^  « )  with  •£>  -  /2/a  ain(»  ks/N),  k,a  -  1,...,N-1 


k  N-1 


We  normalize  e£N)  by  the  condition 


,  (N),2  _  a  N-1  |  | 2 

l*k  *  N  *.-1  **ka  1  1  * 


Let  l2  be  the  space  CN_1  with  the  norm 

N 


and  let  h£  be  the  same  space  with  the 

.2  .  .2, 


norm  lyL  •  |S*^2y|*  Now  we  introduce  the  interpolation  operator  i„  1  *  *>  [°»*1  “"<1 

*  N 

2  2 

the  restriction  operator  jjg  *  [0«a]  *  X^t 


< 


SlV  -  Bjjtx).  k  •  # 

J  •‘H>  if  V  - 

Vk<X)  "  \ 

"  x  ^  0  i(  k>«  . 

Ha  split  tha  segment  [0,a]  into  N  aqual  parta  by  tha  points  0  *  Xq  <  x,<  •••  <  xN-1 
Xjj  a  si  Xj  »  Ja/N.  Tha  iN  is  tha  oparator  of  trigonosMtrical  intarpolation  of  tha  values 
at  Xji  JN  ”  rHP„,  where  P„  is  tha  ortho-projector  onto  tha  subspaee  spannad  by 
And 

r||G  -  (G(a/H G(<K-1)«/N))  . 

First  of  all  wa  notica  that  tha  norm  of  iM  and  jH  as  oparators  which  sap  hj  into  hJ 
and  H*  onto  h{|  correspondingly  ara  boundsd  by  constants  which  do  not  dapand  on  M 
bacausa 

1  <  X  /1<N)  -  (w  k/2H)2/sin2{*  k/2H)  <  w2/4»  k  -  . 

k  k 

Considar  tha  finlta-dimnslonal  operator 

T„  -  V^Vh  *  • 

Clearly 

det  (I+Tn)  -  datd+d^’fjj)  . 

So  tha  convergence  of  T„  to  T  -  A'1?  in  tha  space  t1  of  nuclear  operators  isplias  tha 
assertion  of  tha  lama,  aaa  [S] .  He  split  tha  proof  of  convergence  into  tha  following 
steps,  Tha  oparators 

(i)  TN  ara  uniformly  bounded  in  tha  space  L(L2,H*)  of  linear  oparators  L2  * 

(ii)  Tjj  ♦  T  in  tha  space  l,(L2,L2)  with  tha  strong  topology.  Let  ♦  be  a  trigo- 
nonatrical  polynomial .  Than 

V  -  *  -  Vn1[Vn  -  V<x)1* +  Vi1^(Mk,F(x)* 

(I.I> 

*  -  Ov**”  -  a;1<i-vp(x>*  • 

The  second  and  tha  fourth  term  on  tha  right  hand  side  of  (I.I)  converge  to  0  uniformly 


-5- 


...  * «  '•  - .  •  .  -  .  ’V.  f,  f,  <.  •.  •,  -  . 


Than 


A(0>  -  iiv-  V 


Proof,  ft 


A( (N-V)a/H)  and  C 


(N>  _  -(N) 


-(H) 

Vr 


(1.2) 

and 

CI.2') 


(«2/a2)(A^,1  -  2r‘S)  ♦  R^>>  -  FUN-vJaAORW  +  b<N) 


(N2/a2)(C^  -  C<«>)  -  F(  (H-v)a/N)  Sj.1C^N)  +  b 


CM) 


with  r£h)  -  0,  R<">  -  cj!,)  +  0(H"3)  and  b^N)  -  0(N-2)  uniformly  with  reapect  to  v. 
Claarly  C*M*  are  bounded  by  the  aolutlona  of  the  equation  of  the  type  (1.2* )  with 
F((H-v)a/H),  b‘N)  and  c‘S)  replaced  by  C,  -  aup|F(x) | ,  C2/U2  and  C3/H3  reepectively 
Hence  r!n)  are  bounded  by  the  aolution  of  the  following  difference  equation 

V  (N2/.2)<r<«>  -  r‘N>  ♦  .»>)  -  C,*™  ♦  C2/H2,  r<">  -  0,  »«>  -  C3/N2  . 

The  general  aolution  of  thia  equation  ia 

,«■>  -  -c/ic/)  .  .  »"V’iv 

with  X^>  -  1  *  C4/H  +. . .  and  x**l*X^*,)  -  1.  According  to  the  Initial  conditions 
a(N)  ♦  B(N)  -  C5/N2,  ♦  B(N,xiH)  -  C3/H2  . 


Bence 


Therefore 


_(N) 


((CjX^’j/N3  -  C5/N2)/(X|N)  -  V  -  0(H-1),  @(N>  -0<N_1) 


_(H> 


<  Cj/H  ♦  C6(I+C7/H)  /N  <  Cg/N  and  R^ 


(H) 


0(N_1)  . 


Theorem  I.  Let  F(x)  e  C2{0,a]  and  let  A(x)  be  the  aolution  of  the  equation 

A* 1 (x)  -  F(x)A(x) 

with  the  boundary  conditions 

»(a)  -  0,  A’ (a)  «■  -I/a  . 

Then 

det(I+d_1F)  -  A( 0 )  . 


Proof*  Lot  fv  ”  diag(r(a/H) 


P( (H-1 )a/M) )  bo  tho  diagonal  aatrix.  By 


detU+A^P)  -  UOp,,  dot (l+a"1^) 


-  UN- 


2-1  ...  0 

-1 

2+a2P(a/B)/H2  -1  ...  0 

-1  2  ...  0 

-1  .  . 

a<#t 

d«t 

0  *1 

0  0  ...  2 

0  . .  -1  2+a2P(M-1  )a/M)/H2 

“  UN«  *'*•*  D*  • 


Abort  no  hav«  uaad  tho  relation 


dot 


2  -1  ...0| 
1-1  2  ...01 


*  » 


0  0  ...2 


which  can  bo  proved  eaeily • 

By  aleaantary  transformations  tho  aatrix  Dj,  can  bo  tranoforaod  into 


v1  -1  0  ...  0 

0  Vj  -1  • . .  0 


0  0  . .  .v. 


R-1 

with 

(1.3)  vj  “  2  +o2*<W)/»2  "  VVj_v  v,  -  2+a2F(a/N)/H2. 

Our  aia  io  to  find  N-1v^. . .vH_^>  Lot 

„-1  „  _  .(*)„  .  .01),  .(»>  .  .00  .  0 
■  V»"*Vl  *  VM-V  +  B  »  A1  "  »  B1  0  • 

It  follows  froa  (1.3)  that 

(B2/a2)(A^*|  -  2A^B)  +  A***>  -  P( d»-v)a/»)A^B^ 

a‘">  -  0,  A<">  -  I/*  . 

O  1 


-e- 


The  value 


converge!  to  A(0)  whan 


N-1  dat  DR  -  A(H| 


.(N) 


Vri  ■  “N-i 


« (N) 


•  by  Leona  2. 


+  B«S 

The  thaoram  la  proved. 


□ 


Now  we  aha  11  prove  the  formula  (0.9).  Let  ua  remind  the  definition  of  the  determinant 
of  a  positive  unbounded  operator  A.  Assume  that  A~°  6  Y1  for  soma  positive  a .  One  can 
define  the  function 

;A(s)  -  TrtA-*) 

which  is  regular  in  the  half-plane  Res  >  o.  In  scan  cases  (a.g.  if  A  is  a  pseudo- 
differential  operator)  this  function  has  the  maromorphic  continuation.  It  aay  happen 
that  0  is  a  regular  point  of  this  C  -  function.  In  this  case  we  say  that  A  has  a 
determinant  and 


det  A  “  exp(-C^(0))  . 

This  definition  is  a  generalisation  of  the  flnlta-disttnsional  determinant. 

Theorem  2.  Let  S  >  cQ  >  0  be  a  positive  operator  in  a  separable  Hilbert  space  H, 
let  8~°  e  for  soma  o,  0  <  a  <  1  and  dat  8  be  defined.  Let  T  be  a  bounded 
operator.  Then  there  exiata  a  constant  C  which  depends  upon  cQ  and  ITI  only,  such 
that  det  A(c )  ■  det (S+et)  is  defined  when  |e|  <  C  and  is  equal  to  dat  8  dat(I+c8  T). 
Proof.  One  has  the  following  integral  representation  on  the  strip  0  <  Res  <1,  see 

[7J  s 

A~*(e)  -  1  Jg  t“*(tl+A(c))-1dt 

-  s~*  51.".!  1  i"  t“*  I*  ,{-i)kek[(ti+8>“1T]k(ti+s)"1dt  . 

f  0  JC*  I 

If  c  <  c  /ITI  we  can  change  the  order  of  sumsuition  and  integrations 
o 

(1.4)  A~*(e)  -  8”*  -  -  £^1(-1)k*k  I*  t"*((tI+S)"1T)k(tI+8)"1dt  . 

Let  us  show  that  all  terns  on  the  right  hand  side  of  (1.4)  are  nuclear  operators  and 
estimate  their  -  norms  which  will  be  denoted  by  |||»|||.  One  has 


-9- 


|||f(tI+S)‘1T]k(tI+S)"1|||  < 
<  |  |  | S_<S  |  |  |  •  IT«’C(t+Co)-k 


||!s"°|||  •  I E (tl+S) 

I  ca/(t+c  )  if  t  < 
\  o  o 


'1T]kttI+S)"1^’l 

t  >  c  (1-o)/o 
o 

CQ(1  -0)/0  . 


Therefore 


IlIJo  t-£<tI+s) 

<  II |s"°| 


"1Tk(tI+S)-1dt| |  | 

||  •  lTlk{(1-0)0“1{1-Re*)-Vk+0+1-Re* 

+  on(1-a),-°(Rez+k-o)-1c-k+<,-RM}  . 

o 


Thus  the  series  (1*4)  is  y .  -  convergent  when  e  <  c  /ITI  and  it  defines  the  y ,  -  valued 

1  O  I 

regular  function  on  the  strip  a-1  <  Res  <1.  Hence  £  .  (Z)  has  the  meromorphic 

A  \  c  / 

extension  to  the  half-plane  Res  >  a-1  and  0  is  a  regular  point  of  this  function: 

CA<e)(0)  “  cs(0)  "  rk-1('1,kek  ^  THt(tI+S)_1T]k(tI+S)-1}dt  . 

Note  that 

i-  [<tI+S)-1T]k  -  -Ek_''[(tl+S)"1T]i(tl+S)"1[(tl+S)-1T]k“i  . 

at  1*0 

Hence 

Tr{[(tX+S)“1T]k(tI+S)~1}  -  -  l  4r  Tr[(tI+S)_1T]k 

K  at 

and 

W0)  -  <S<0)  ■  Cl<-1,k+1  iHo  It  **««♦»>"  Vdt 

-  E"_1(-1)kekk"1Tr(S~1T)k  -  -Tr  log(I+eS-1T)  . 


Thus 


det  A(e)/det  S  »  exp{- (£j^e  j( 0)  -  cyO)J}  »  exp  Tr  log(I+eS  't) 
«  det(l+es-1T)  . 


□ 


Corollary.  Let  S  be  the  sane  operator  as  in  Theorem  2  and  let  T  be  a  non-negative 


bounded  operator,  then  det(S+T)  is  defined  and 


d*t(l+T>  -  dot  I  d*t(X+M  T) 


Proof.  Mot*  that  8+cT  >  ea  for  avary  c  >  0.  «o  w*  can  apply  Thaoram  2  H  timaa 
if  M  la  auffielantly  larqa  and  obtain 

d*t(8+T)  »  dot  •  d*td-H*”1(»*jM"1y>-1*)  . 

tha  product  II  In  tha  laat  formula  la  aqual  to  tha  dat(I+B_1T) ,  aa  follow*  fra*  tha 
idantlty 

(1.5)  dat(2+*1S_1T)dat(I'*c2(d+c1T)“1T)  -  dat(l+(cn  ♦  e2>8_1T)  . 

In  ord or  to  pr ora  this  Idantlty  aa  lntrodooa  It  -  B_1t  and  obtain 

(l+e<8“1y)(l+c2(8+e1T)_1T)  -  l+a ♦  Cjd+t^)-^  ♦  e^Ad**,*)"1* 

-  I•«1»e2<I♦e1*^1R«2<X■«1*)<X•^*1*)“1M2<I■►*1l^>“,*  -  X+Ie^j)*  . 

Mow  (X.5)  follow*  from  tha  wall  known  formula 

dot  ( I+&J  )d*t  ( I+Aj )  -  datd+A^d+Aj) 
with  A1(  Aj  «  Tfi  a»9*  •••  151 . 

Formula  (0.9)  followa  from  tha  corollary.  Mot*  that 

-2a  -2C1 (0) 

C.  (a)  -  (v/a)  CdC)  and  dot  t  -  («/a)o 
Ao  ° 

whara  C(«)  la  tha  Rlamann  C  -  function. 


2.  Calculation  of  tha  partition  function 

(2.1)  S(x,Cty,n)  -  J  *xp{-  ♦  u4/4)da}  B  du(a)  . 

u(x)«C  *«lx,y) 

u(y)-n 

tat  ua  apllt  tha  interval  (x,yj  into  H  aqual  part*  x  -  Xq  <  x1«...<xH  -  y.  Conaldar 
tha  finita-diaenaional  approximation  of  8 

8,,  -  J  axp{-l"-1h(a/M,Cj.1,CJ))d51...dC1|,1 
with  a-y-x ,  5  tha  dafinltlon  of  tha  function  h  1*  qlvan  in  tha 

Introduction.  Tha  invariant*  of  tha  aquation  u,,  -  u3  undar  tha  transformation 
u(x)  ♦  M~1u(M~1a)  laada  ua  to  tha  hcmoqanaity  proparty 
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(2.2) 

Therefore 


(2.3) 


SH  "  ^ " 1  J  •*P^-N3Ih(»,e/M,51)  ♦  E^2  h(m.«  .*  ) 

+  h(«,cH_1,n/N)))  . 


We  can  apply  the  Laplace  method  to  the  integral  in  (2.3).  The  function  Ktj ». . 


the  square  brackets  has  the  unique  stationary  point  (€?».«•>(„  ,) 

i  N*  1 


£°  -  N_1tJ(x,C>y,n»x+ja/W) 


This  point  is  the  point  of  its  strong  minimum. 


3.,.o  ro 


where 


DH-  det.l”<5® . C,)'  • 


By  the  hoaageneity  property  (2.2) 


W3I(€°....,C^_1)  -  N3h(Ma,€/W,rj/»)  -  h(a,5,n) 


and 


°N  "  N  <H1)ln  *  k'<N"1)  detlJ”(eJ . t’.,)! 


with 


J  -  *  h(a/*,?  ^tj),  -  Ht®  . 


Finally 


N 


(2*)<N-1  >/2L"1/^e~h(a'5'’1,(1+0(N  1 ) ) 


Proposition  1.  When  N  ♦  • 


L^  -  (NN/al,“1)det(l+3A"102(x,5»y,n»*))(1+o(1)) 


Corollary. 


lim(2xa)(1"N)/2NN/2S  -  [det(I+3A"1U2(x,e»y,n»*)))"1/i 

Wo 


-h(y-x,e,n) 


The  expression  on  the  right  hand  side  of  the  last  formula  will  be  called  the  partition 


function  S 


Proof  of  Proposition  1.  tot  L^j  -  (C^,***,?^.,).  Proa  tho  definition  of  J  it 

folldws  that 

Ljj  “  0  +  0  <T'eJ'ej\i)'T  -  » 

**1*1+1  ■  **1+1,1  "  5?5n  <T,ej*eJ+i> 

■  0  when  J 1—3 1  >1  . 

a).  Calculation  of  By  tha  definition  of  tha  function  h 


a2  .T  r°i(2 1-1 ,2 j+1,,J  u* 


+y-Jd*(  ,  , 

*  ’c-cj 


where  u  is  tha  solution  of  tha  Suler-La grange  aquation  u"  ”  u3  for  tha  energy 
functional,  with  tha  conditions  u(-t)  -  u(0)  -  i,  u(t)  -  tj+1.  By  tha  fonrnla  for 

tha  second  variation 

**n  “  JVv’2  +  3tt^2J<ta  » 

whara  u,,  -  u<^_1,5’,cJ+1i«),  v  Is  tha  solution  of  tha  aquation 

v"  “  3u2v,  v(T)  •  v(-T)  »  0,  v(0)  •  1  • 

o 

Integrating  by  parts  and  taking  into  account  tha  relation  u”  “  u^,  wa  obtain 

tjj  -  vM-0)  -  vM+OJ  -  -tT,l<°)  • 

lot  us  split  v  into  tha  sun  of  vp  and  w» 

v"  -  3(C*)2v  i  w"  -  3u*w  -  3(u2  -  <e!)2lv  »  v  (t)  -  v(-T)  -  w(-r)  -  w(0) 

(2.5,  °  1  ®  °  o  1  o  o  o 

-  W(T)  -  0,  VQ(C)  -  1  . 

Tha  first  aquation  in  (2.5)  has  tha  solution 

v  (s)  ■  sh  a(x  -  | s | )/sh  at,  a  -  /T  |c2 I  • 

o  3 

The  solution  of  the  second  equation  in  (2.5)  has  tha  representation 

(2.6)  w(»)  -  3t"_1(-1)^+1(3Ku*)^K(u^  -  («])2lvo 

whara  K  is  tha  inverse  to  -d3/dx*  with  saro  conditions  at  tha  points  ±r  and  0.  it 
is  an  integral  operator  with  tha  kernel 


(  1*1  -  |y|)A  if  1*1  <  |y|,  sign  *  ■  •19*'  y 

X(x,y>  -  (  |y|<t  -  |x|)/T  If  |x|  >  |y|,  sign  x  -  sign  y 

vo  if  sign  x  +  sign  y  . 

The  aeries  (2.6)  ia  asymptotic  with  raapact  to  t  ♦  0  bacauaa  K  ia  of  order  t.  Hanca 


•[WHO)  -  (3K(u2  -  <C? )2)  v  )'  -  -3  J*  ( r— < u«( * >  “  u2(-z))dz  -  0(t3) 
o  3  o  '  o  an  st  o  o 


Further, 


Finally, 


■Iv'HO)  *  2acthat  ■  ^  ♦  -j  a2t  +  0(T3)  . 


Ljj  -  |  ♦  2<c’)2t  ♦  0(r3)  . 


b).  Calculation  of  Lj^j+j.  By  definition 

a2  t 

Lj,J+1  "  TOn  J0  t - 5 - + 


.  .1  .1 
e”5j'n"5j+1 


with  u(€,n>z)  -  U(0,?»t,n»a).  Aa  above  one  can  eaally  check  that  L.  ...  -  v*(t),  wher 
v(t  )  ia  the  aolution  of  the  equation  v"  -  3u2v  with  the  boundary  condltiona  v(0)  “  1 
v(t)  ■  Oi  uo  ■  u(tj,cj+1»a)  •  Splitting  v  into  the  sum  of  ve(a)  -  ah  <*(t  -  |z|)/ah  err 
and  w(z)  we  obtain  that 

2 

v»(T)  -  -  J.  +  ®LI  +  0{t3)  , 

O  TO 

w*(t)  ~  3  J*  ~  (u2  -  (c’)2)vodz  -  0(t2) 


and  finally 


Now  it  remain*  to  apply 


**.*1  -  *  $  ♦  I  "l*  *  ^  * 


P(«)  -  3U  (x,Ztytr\tx+z) ,  a  -  2/3  and  0  *  1/3 


3*  The  measure  dp 

Let  us  fix  points  xj  <  x2  <•••<  xfc  <  xi  +  2w  on  the  circle*  Consider  the  function 
S(x#C)  m  S( x y  pC ^  1X2 » £ 2 ) ® ^ Xj #5 2 1  5 2 )  •  •  •  S ( x x^^2x  *£  y )  * 

A  A 

Proposition  2.  Let  *^  ”  (xf, . . .  ,x^ , . . . ,x]() ,  ■  (C ^ , •  • .  •  •  ,tfc)  (the  sign  * 

■eana  that  the  corresponding  variable  ia  omitted).  Then 


v- v.  v.  v- vvv. . 

-*.*«  ^  •  Vw*'**'  .**«*"•  •\*V »’«  • 


>  \ 


(3.1) 


/  8(x,5)«j  -  <2«) 


'n  /'y-VVV,,,,,, 

V"n  11 


Wa  uiiM  that  xQ  ■  Xy  -  2»,  x^  -  x,  +  2«,  50  *  Ck+1  “  C1  • 

Proof,  lat  all  ratioa  <*BH-1"x*)/(*n+1"xn>  **•  w»ti«nal»  >««+1"xb  “  NmT*  *Y 

Propoaltion  1 


.  <-*/2)lK  (*/2 )EN. 

/  S(x,C)dC  -  11*  ( 2v ) K/d  ( 2i )  (*/T) 

3  **• 


W’wV 


1/3  f  axp{-  Eh(T/ta,ci*»  ,€<;’>  • 


where  x1  »  x^"3  <  <  ...  la  tha  partition  of  tha  clrcla  Into  aqual  aagnanta  of  lanth 

t/*.  on  tha  other  hand 


S(x'.C') 


11* 


(2.)(k-1,/2(2., 


*(a/2  )EN. 


nk  (x  -x  >i/2  Z3HZSZZ 

v-V  w+1  v'  (x^HjXx^-x^) 


axp{-  £h(T/*,«J*,,«Jj{} 


Tha  raaltlon  (3.1)  follow*  fro*  the  laat  two  formulae.  In  the  general  caa*  It  la  valid 
becauae  of  the  continuity  of  both  aide*. 

I 

Corollary  1. 

(3.2)  /  S(x,C)d5  -  o"1(2ir)k/2  «5.1(*w+1-*v>V2 
with  aon*  conatant  a.  Actually. 

/  s(x,c)dc*  -  (2»)<k"2)/2  ^.1(*v+t-*v>1/2s(o,e1»2»,t1)  . 

Simple  aatiaataa  ahow  that 

o"1  -  —  /  S(0,5r2*,O<15  <  -  . 

Corollary  2.  The  function* 

(3.3)  p(x,C)  -  o(2w)"k/2  n(xv+1-xy)J^  S(x,5) 

ar*  flnita-dimanaional  danaitlaa  of  a  probability  maaaure  du 1 .  Indeed,  they  are 
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continuous  and  satisfy  tha  sgrssawnt  sad  ths  normalisation  oondltiona 


Let  ds  bo  •  conditional  Wiener  noosurs,  oso  [9],  in  ths  spooa  of  continuous 
functions  which  vanish  at  scsm  fixed  point  on  tha  cl  re  lot  8(f)  -  f  (xe>  -  0,  and 

4s  -  dw  x  (2»)J/^sxp(-82/2)d 
is  tha  measure  in  tha  space  of  all  oontinuous  functions* 

Preposition  3.  dy,  is  absolutely  oontinuous  with  respect  to  ds  and 

(3*4)  (f)  -  0(2»)J/^axp{-  1  J  f4(x)dx  +  ~  *2(*0»  • 

dw 

Proof.  Let  us  choose  a  function  f,  a  partition  x0  <  x1  <*..<  xjj  <  x0  ♦  2s  of  the 
circle  and  a  set 

M  c  K^_0(f(xJ)  -  *,  ftXj)  ♦  «)  . 

He  as  sum  that  |xj4l>Xj|  <  c,  J  •  0,...,k.  By  (3.3) 

dv1W)  -  dlljfal  (u(x0)....,u(xk>)  «  M> 

-  «(2»)‘(k+1,/2  'v-0UV41"*u,J,6^ii  . 

Osin*  the  definition  of  h  and  theorem  1  we  can  obtain  after  sinple  ooeputatlous  that 
l(x,C)  -  exp<-  E5-0<5J+1“Cj)a/2(xJ+1-xJ)  -  |  J  f 4dx) ( 1+o( 1 ) ) 
when  *  ♦  0.  Thus 

dii^M)  -  c(2w)J<*exp{^  f2(«0)  -  ~  J  f4dx)  dw(«)(  1+o(D)  . 

Corollary.  The  measure  dy^  has  s  support  in  the  space  Up8 ,  a  <  1/2. 

For  the  definition  of  the  d v2  we  consider  functionals  Aj  and  B^i 
w  "  *0  ♦  E(A^  00s  jy  ♦  By  sin  vy)  . 

Let  M  c  rW+1  .  yhen  by  definition 

du2{wi  (A0,...(Am>B1<...,Bh)  «  N)  - 

-  2’"  JH  exp{-wA2  -  (w/2)  e".,(A2  ♦  B2  ))dAdB  . 

The  du2  is  a  realisation  of  the  abstract  Planar  neesure.  Xt  has  s  support  in  the 
space  of  generalised  functions 

Lip"^  “*  ■  Const  ♦  4”  Lip'*'2  ”* »  e  >  0  . 

OX 
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4.  Invariance  of  the  du 

Let  *(t)  be  the  flow  defined  by  (0.1).  First  of  all  we  Intend  to  prove  Its 


continuity. 


lemma  3.  *(t)  maps  continuously  the  space  Lip°( 81 )  x  Lip0”1 ( S 1 )  into  itself, 


0  <  a  <  V*j 


Proof.  Consider  two  Cauchy  problems 


-  u  +  u  ■  0 
tt  XX 


u,t-0  ’  uo<x)  e  Lip“'  utU-0  *  Vx)  €  “f**’ 


'tt  XX 


lt-0  *  «o«  Vt-0 


If  0  <  t  <  x. 


u  (x+t)+u  (x-t)  . 

w(t.x)  .  .£ - vo(y)dy 


Clearly  w  €  Lip  ,  e  Lip3"  and  (v,wt )  dapands  continuously  on  (u0#v0)«  Lat  r(t,x)  * 


u-v*  Than 


rtt  "  rxx  +  ,r+*>3  “  °*  clf0  ■  rtlt- 


and  according  to  the  Duhaael  principle 


r(t,x)  -  -J*  dr  J 


x— v*t— t )-0 (x-y-t 
~  2  “~ 


[r(y,T)  ♦  w(y,t )]  dy 


where  8  is  the  Heaviside  function.  The  expression  on  the  right  hand  side  of  (4.1)  is  a 
contraction  operator  in  a  ball  in  C((0,t],  Lipa)  when  t  is  sufficiently  smell. 
Therefore  (r,rt)  6  Llpa  *  Lip°~ 1  for  sufficiently  small  t,  and  hence 
(u,ut)  e  Lip°  x  Lip0-1 .  Now  the  assertion  of  the  lemma  follows  from  the  group  property  of 
4(t)  and  its  invariance  under  the  transformation  t  *  -t. 


Now  we  shall  build  the  finite-dimensional  approximation  of  4(t).  Let  us  divide  the 
circle  into  2N+1  equal  parts  by  ths  points  y^  “  2*j/(2N+1 ) ,  j  »  0,...,2N.  Let 
j  -  0 , . . .  ,2N,  be  some  real  nua&ers.  NS  denota  by  UgCC'X)  the  solution  of  the  equation 
u„x  *  u3  which  satiefiea  the  conditions  Ujj(C,y^)  “ 

vK(n,x)  -  ao  +  c0*  Jy  +  Bj  »in  Jy> 


•>>v 


.  -  o  .  •  i 


>  ;  .>1 


v  ■  *  ■  *  •  * . 

s'  -,'v' ; 

i  ,■  .  - 

V  s'  S^ 

.'•»V 


is  aa  Interpolation  trlpoac— trloal  polynomial,  that  la 


Clearly 


Hj  -  »e  ♦  tJJ_1(Av  ooe(2*j/(2IHl)>  ♦  *v  ain(2»j/(2IH1>) 


*?“«  "j  *  <2IK1U2  +  <2*H‘,>/a  rj-lUJ  *  *j>  • 


v«-«  -i  tP1  i  • 

By  •_(«)  we  knot*  the  Hamiltonian  flow  with  tha  Hamilton  Ian  Hgi 


?j  -  »v»,,j  ■  v  s  "  -*v*s 


tat  a(x)  C  Up®,  v(i)  0  Up®*1,  0  <  a  <  1/2  •  For  a  finite-dimsnaional  approximation  of 
thaaa  functions  wo  taka  sectors 

t*(u(x)>  -  (u(yo),...,u<ya())  and  n*(s(x>)  • 
with  flj  defined  by  (4.2)i  A  and  B  ara  Fourier  ooaff Iolanta  of  w.  By  Th  wa  daaota 
tha  restriction  oparator  rM(u,v)  «  l{*(u),  nW(v) )»  iH  la  tha  interpolation  operator, 
ljK.D  •  (u„<C, x),  vH(q,x)). 

Laoma  4.  Let  n(x)  *  C2  and  s(x)  •  C1.  than 

igtgltlrgta'V)  ♦  t(t)(u,s)  whan  »  ♦  • 

in  tha  space  C1  •  C. 

Proof.  Using  tha  formula  of  tha  variation  of  a  functional  with  a  free  and,  wa  obtain 


•V*')  -  - 


Tha  function  u  aatlaf  iaa  tha 


aquation  u£'  •«*•?*+  0(1/0.  Solving  thla  aquatic 


without  tha  term  0(1/M)  and  estimating  tha  remainder,  wa  can  easily  obtain  that 


9,S. 


(2*/(2Ba1 ) ) 


«■  Cl  ♦  0C1/B) 


Thus  (4.4)  can  be  rewritten  in  tha  form 


(4.4*) 


•  ^j+i  ”  +  ^i-i  3 

•  n,,  •»*  "  J ♦  0C1/B)  . 

5  3  <2w/(2H+1)r  3 


Tha  initial  conditions  ara  5^(0)  "  u(y^)  and  hj(0)  -  »***(yj),  where  y***  is  tha 
partial  sum  of  tha  Fourier  series  of  ▼.  Ns  haws  that  s***(yj)  -  s(y)  ■  0(«"14*), 


«  >  0,  uniformly  with  respect  to  J  because  »  I  c  .  Tho  system  (4.4*)  with  ouch  Initial 

conditions  la  a  difference  approximation  for  tho  problem 

ott  -  a*,  ♦  u3  ■  0,  u(0,x)  -  u(x),  1^(0, x)  -  v(x)  . 

To  f ini ah  tho  proof,  wo  sast  apply  a  standard  technique,  in  or  dor  to  prove  tho  convergence 

of  tho  solutions  of  tho  dif foronco  aquation  to  tho  solution  of  tho  dif forontial  aquation. 

□ 

Consider  a  continuous  non-linear  functional  F  on  H®  S  H®”1  (H  is  the  Sobolev 

apace)  ouch  that  |F(u,v)|  <  1.  Then 

J  F  (u,v)du  -  11m  ^  ]  F  (UgtC.x),  v||(n,x)]exp(-2vR|(/(2R*1 )  )dgdAdB  . 
po 

The  coordinates  (A,B)  and  n  are  linearly  dependant,  therefore  dAdB  ■  c^di .  Prom  the 

invarlanoe  of  the  measure  dCdn  under  the  flew  (4.4)  it  follows  that 
^  J  F  [4||(t)(uM(C),vM(n))]axp(-2vS|(/(2»f1)  )d(dhdB 

(4.5) 

-  \  ]  F  ((uH(C),v||(n)]exp(-2»^|/(2ii^l) )d(dAd8  . 

The  expression  on  the  rlqht  hand  side  of  (4.5)  converges  to  J  F  (n,v)di  when  s  t  ».  By 
the  same  technique  as  in  Lammas  1  and  3  (the  spaces  h®  and  the  Duhamel  formula)  it  is 
easy  to  verify  that  igtglOrj  ere  uniformly  continuous  with  respect  to  M  as  operators 
from  Lip®  •  Lip®-1  into  H®  •  M®-1 ,  0  <  a  <  1/2.  Taking  into  account  Loams  4, 
F(4||(t)r)|(u,v)]  ♦  F(4(t)(u,v)] ,  (u,v)  «  Lip®  •  Lip®"1  . 

By  the  Labesque  theorem,  the  left  hand  side  in  (4.5)  converges  to  J  F  [4(t)(u,v)]4i  when 
»  ♦  «.  Therefore 

J  F (u,v)du  ■  J  F [4(t) (u,v) Jdy  . 

The  last  formula  means  the  invariance  of  dp  under  9(t>. 

NOTB i  After  sending  the  paper  to  the  publisher,  we  discovered  that  the  main  resulte  of 
Section  1  -  Theorem  1  and  the  formula  (0.9)  -  were  proved  simultaneously,  independently  and 
by  different  methods  by  Marluss  Wodsiekl  {9] . 
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